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Recent advances in nonlinear science have led to the development of a number of new techniques that could serve well
for ﬁnding various solutions of nonlinear partial differential equations (NPDEs) having constant or variable coefﬁcients.
Notably, giving a great interest to NPDEs is due to the fact that this class of nonlinear evolution equations describes several
phenomena in nonlinear systems having very wide applications in many physics areas such as nonlinear optics, plasmas,
ﬂuid mechanics, condensed matter, electro magnetic and manymore. Several kinds of solutions to these equations, including
soliton solutions, and other nonlinear coherent excitations have been constructed. These exact solutions when they exist can
help one to well understand the mechanism of the complicated physical phenomena and dynamical processes modeled by
these nonlinear evolution equations [1]. Among these methods we can cite the subsidiary ordinary differential equation
method (sub-ODE for short) [2–4], the coupled amplitude-phase formulation [5], Hirota’s method [6], the Bäcklund transfor-
mation method, the solitary wave ansatz method [7–11], and so on. These methods work even though the Painleve test of
integrability will fail [11].
The KdV equation is the generic model for the study of weakly nonlinear long waves [12]. It arises in physical systems
which involve a balance between nonlinearity and dispersion at leading-order [13]. For example, it describes surface waves
of long wavelength and small amplitude on shallow water and internal waves in a shallow density-stratiﬁed ﬂuid [13]. The
KdV equation is integrable by the inverse scattering transform, so that it gives multiple soliton solutions and possesses con-
served laws. This completely integrable equation readsut þ 6uux þ uxxx ¼ 0; ð1Þ. All rights reserved.
).
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balance between the nonlinear convection term uux and the linear dispersion effect term uxxx in the spatially one-dimen-
sional KdV equation (1) gives rise to solitons [14].
Kadomtsev and Petviashvili extended the KdV equation to obtain the Kadomtsev–Petviashvili (KP) equationðut þ 6uux þ uxxxÞx þ 3uyy ¼ 0; ð2Þ
Kadomtsev and Petviashvili [15] relaxed the restriction that the waves be strictly one dimensional, namely the x-direction of
the KdV equation to derive the completely integrable KP equation (2). The KP equation describes the evolution of quasi-one
dimensional shallow-water waves when effects of the surface tension and the viscosity are negligible [15]. The KP equation
is also integrable and gives multiple soliton solutions
The Novikov–Veselov (NV) equation given by [16,17]:2ut þ uxxx þ uyyy þ 3 u@1y ux
 
x
þ 3 u@1x uy
 
y ¼ 0 ð3Þis another (2 + 1)-dimensional analog of the KdV equation besides the Kadomtsev–Petviashvili equation [17]. It has rele-
vance in nonlinear physics (in particular in inverse scattering theory) [18–21] and mathematics [22,23].
In this paper, the solitary wave ansatz method will be exploited to ﬁnd the 1-soliton solution of four variants of the NV
equation. The models that will be investigated are as follows:
(i) The NV equation with constant coefﬁcients, given byut þ auxxx þ buyyy þ c u@1y ux
 
x
þ d u@1x uy
 
y ¼ 0: ð4Þ(ii) The NV equation with time-dependent coefﬁcients and damping term that readsut þ f ðtÞux þ gðtÞuxxx þ hðtÞuyyy þ rðtÞ u@1y ux
 
x
þ sðtÞ u@1x uy
 
y þ aðtÞu ¼ 0: ð5Þ(iii) The NV(m,n) equation with generalized evolution term deﬁned byul
 
t þ a unð Þxxx þ b unð Þyyy þ c um@1y ux
 
x
þ d um@1x uy
 
y ¼ 0: ð6Þ(iv) The (1 + N)-dimensional NV equation with variable coefﬁcients and forcing term given in the formut þ aðtÞ
XN
i¼1
uxixixi þ bðtÞ
XN
i¼1
u@1xj uxi
 
xi
þ cðtÞ
XN
i–j
u@1xi uxj
 
xj
¼ kðtÞ: ð7ÞBy considering these interesting models, we give an extensive study of soliton dynamics in different nonlinear systems
modelled by the NV-type equations. Further, the research for new soliton solutions is of a great interest as it is helpful to
understand the pulse behavior of the propagation inside homogeneous and inhomogeneous dynamical systems.
2. The NV equation with constant coefﬁcients
In this section we will study a family of NV equations with constant coefﬁcients given byut þ auxxx þ buyyy þ c u@1y ux
 
x
þ d u@1x uy
 
y ¼ 0; ð8Þwhere a; b; c and d are nonzero arbitrary constants, and uðx; y; tÞ is an unknown function depending on the space coordinates
x and y, and the time variable t. The subscripts x; y and t denote partial derivatives with respect to these variables.
We ﬁrst introduce the auxiliary variablesv ¼ @1y ux; ð9Þ
w ¼ @1x uy ð10Þto split Eq. (8) into a coupled systemut þ auxxx þ buyyy þ cðuvÞx þ dðuwÞy ¼ 0; ð11Þ
vy ¼ ux; ð12Þ
wx ¼ uy: ð13ÞTo obtain the soliton solution of (11)–(13), the solitary wave ansatz [7–10] admits the use of the assumptions
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coshp1s
; ð14Þ
vðx; y; tÞ ¼ A2
coshp2s
; ð15Þ
wðx; y; tÞ ¼ A3
coshp3s
; ð16Þwheres ¼ B1xþ B2y Vt ð17Þ
andp1 > 0; p2 > 0; p3 > 0 ð18Þ
for soliton solutions to exist. Here, in (14)–(17), A1;A2 and A3 represent the amplitudes of the u-soliton, v-soliton and w-sol-
iton respectively, V is the velocity of the solitons, while B1 and B2 are the inverse widths in the x and y directions, respec-
tively. The exponents p1, p2 and p3 are unknown at this point and will be determined later.
From the ansatze (14)–(16), one obtainsut ¼ p1VA1 tanhs
coshp1s
; ð19Þ
ux ¼  p1A1B1 tanh s
coshp1s
; ð20Þ
uy ¼  p1A1B2 tanh s
coshp1s
; ð21Þ
vy ¼  p2A2B2 tanh s
coshp2s
; ð22Þ
wx ¼  p3A3B1 tanh s
coshp3s
; ð23Þ
uxxx ¼ A1p
3
1B
3
1 tanh s
coshp1s
þ A1p1ðp1 þ 1Þðp1 þ 2ÞB
3
1 tanh s
coshp1þ2s
; ð24Þ
uyyy ¼ A1p
3
1B
3
2 tanh s
coshp1s
þ A1p1ðp1 þ 1Þðp1 þ 2ÞB
3
2 tanh s
coshp1þ2s
; ð25Þ
ðuvÞx ¼ 
A1A2ðp1 þ p2ÞB1 tanh s
coshp1þp2s
ð26Þanduwð Þy ¼ 
A1A3ðp1 þ p3ÞB2 tanhs
coshp1þp3s
: ð27ÞSubstituting (19)–(27) into (11)–(13) yieldsp1VA1 tanh s
coshp1s
 aA1p
3
1B
3
1 tanh s
coshp1s
þ aA1p1ðp1 þ 1Þðp1 þ 2ÞB
3
1 tanh s
coshp1þ2s
 bA1p
3
1B
3
2 tanh s
coshp1s
þ bA1p1ðp1 þ 1Þðp1 þ 2ÞB
3
2 tanh s
coshp1þ2s
 cA1A2ðp1 þ p2ÞB1 tanh s
coshp1þp2s
 dA1A3ðp1 þ p3ÞB2 tanh s
coshp1þp3s
¼ 0 ð28Þ
p2A2B2 tanh s
coshp2s
¼ p1A1B1 tanh s
coshp1s
ð29Þandp3A3B1 tanh s
coshp3s
¼ p1A1B2 tanhs
coshp1s
: ð30ÞFor the exponent of cosh functions in (29) and (30) to match up, one needs to havep1 ¼ p2 ¼ p3: ð31Þ
Thus, their respective coefﬁcients must vanish. The ﬁrst case givesA2 ¼ A1B1B2 ; ð32Þwhile the second case gives
B. Boubir et al. / Applied Mathematical Modelling 37 (2013) 420–431 423A3 ¼ A1B2B1 : ð33ÞBy equating the exponents of coshp1þp2s or coshp1þp3s and coshp1þ2s functions in (28) (with p1 ¼ p2 ¼ p3), one gets
2p1 ¼ p1 þ 2; ð34Þso thatp1 ¼ 2: ð35Þ
Now from (28), setting the coefﬁcients of the linearly independent functions tanh s=coshp1þjsto zero, where j ¼ 0;2 givesp1VA1  aA1p31B31  bA1p31B32 ¼ 0; ð36Þ
aA1p1ðp1 þ 1Þðp1 þ 2ÞB31 þ bA1p1ðp1 þ 1Þðp1 þ 2ÞB32  cA1A2ðp1 þ p2ÞB1  dA1A3ðp1 þ p3ÞB2 ¼ 0: ð37ÞSolving the above equations givesV ¼ p21 aB31 þ bB32
 
; ð38Þ
p1ðp1 þ 1Þ aB31 þ bB32
 
¼ cA2B1 þ dA3B2: ð39ÞBy inserting (32) and (33) into (39), it is possible to recoverA1 ¼
6B1B2 aB
3
1 þ bB32
 
cB31 þ dB32
: ð40ÞWe clearly see from (40) that the amplitude A1 of the u -soliton is dependent on the inverse widths B1 and B2, and on all the
models coefﬁcients a; b; c and d. For calculating the amplitudes A2 and A3 of the v-soliton and w-soliton, we should substitute
(40) into (32) and (33), respectively.
Thus, the soliton solutions to the considered Eqs. (11)–(13) are given byuðx; y; tÞ ¼ A1
cosh2½B1xþ B2y vt
; ð41Þ
vðx; y; tÞ ¼ A2
cosh2½B1xþ B2y vt
; ð42Þ
wðx; y; tÞ ¼ A3
cosh2½B1xþ B2y vt
; ð43Þwhere the solitons velocity is given by (38), while the amplitude A1 of the u-soliton is given by (40). Finally the constraint
relations between the soliton parameters and the model coefﬁcient are displayed in (39).
3. The NV equation with variable coefﬁcients
For many years, the main attention was paid to the constant coefﬁcient NPDEs [1–7], due to their simplicity for describing
the wave dynamics in homogenous media. However, such a situation changes signiﬁcantly in inhomogeneous nonlinear
media, where, the presence of many kinds of inhomogeneities causes variations of both of dispersive and nonlinear effects.
In fact in realistic physical systems, no media is homogeneous due to long distance of propagation and the existence of some
nonuniformity due to many factors as for example variations of the system geometry (diameter ﬂuctuations, etc). It should
be pointed out that the existence of the inhomogeneities in the media inﬂuences the accompanied physical effects giving rise
to spatial or temporal dispersion and nonlinearity variations. In such a case, NPDEs with dependent varying coefﬁcients are
needed to describe correctly the propagation of pulses in these systems. In reality, nonlinear wave equations with variable
coefﬁcients are more realistic in various physical situations than their constant- coefﬁcients counterparts.
In recent years, more and more attentions have been paid to variable coefﬁcient NPDEs [8,11], and many methods of inte-
grability have been extended to solve these models.
In this section, we are interested by ﬁnding the bright soliton solution for a family of the NV equation having
time-dependent coefﬁcients and damping term of the form (5):ut þ f ðtÞux þ gðtÞuxxx þ hðtÞuyyy þ rðtÞ u@1y ux
 
x
þ sðtÞ u@1x uy
 
y þ aðtÞu ¼ 0; ð44Þwhere f ðtÞ, gðtÞ;hðtÞ, rðtÞ, and sðtÞ are all real valued unknown functions of t, and aðtÞ is a damping term. If we set
f ðtÞ ¼ aðtÞ ¼ 0; gðtÞ ¼ hðtÞ ¼ 1=2, and rðtÞ ¼ sðtÞ ¼ 3=2, Eq. (44) will give the standard NV equation (3).
Here in (44), the ﬁrst term represents the evolution term, the second term is the ﬁrst dispersion term, the third and fourth
terms represent the dispersion in x and y directions, respectively, while the ﬁfth and sixth terms together represent nonlin-
earity. The last term represents the linear damping with a time-dependent coefﬁcient aðtÞ.
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equations for the unknown uðx; y; tÞ;vðx; y; tÞ and wðx; y; tÞ functions:ut þ f ðtÞux þ gðtÞuxxx þ hðtÞuyyy þ rðtÞðuvÞx þ sðtÞðuwÞy þ aðtÞu ¼ 0; ð45Þ
vy ¼ ux; ð46Þ
wx ¼ uy: ð47ÞFor constructing the bright solitons for the Eqs. (45)–(47), we assume solitary wave solutions of the form [7–10]uðx; y; tÞ ¼ A1ðtÞ
coshp1s
; ð48Þ
vðx; y; tÞ ¼ A2ðtÞ
coshp2s
; ð49Þ
wðx; y; tÞ ¼ A3ðtÞ
coshp3s
; ð50Þwheres ¼ B1ðtÞxþ B2ðtÞy vðtÞt ð51Þ
andp1 > 0; p2 > 0; p3 > 0 ð52Þ
for solitons to exist.
Here in (48)–(51), AiðtÞ with i ¼ 1;2;3; B1ðtÞ;B2ðtÞ, and vðtÞ are unknown t-dependent parameters to be determined as
functions of the varying model coefﬁcients f ðtÞ, gðtÞ;hðtÞ, rðtÞ, and sðtÞ. Note that AiðtÞ (with i ¼ 1;2;3) are the amplitudes
of the u-soliton, v-soliton and w-soliton respectively, B1ðtÞ and B2ðtÞ are the varying inverse widths in the x and y directions,
while vðtÞ represents the velocity of the solitons. The values of the unknown exponent pi (with i ¼ 1;2;3) will be determined
during the course of derivation of the soliton solutions.
From (48)–(50), one obtainsut ¼ dA1dt
1
coshp1s
þ p1A1 tanh s
coshp1s
x
dB1
dt
þ y dB2
dt
 v þ t dv
dt
  	
; ð53Þ
ux ¼  p1A1B1 tanh s
coshp1s
; ð54Þ
uy ¼  p1A1B2 tanh s
coshp1s
; ð55Þ
vy ¼  p2A2B2 tanh s
coshp2s
; ð56Þ
wx ¼  p3A3B1 tanh s
coshp3s
; ð57Þ
uxxx ¼ A1p
3
1B
3
1 tanh s
coshp1s
þ A1p1ðp1 þ 1Þðp1 þ 2ÞB
3
1 tanh s
coshp1þ2s
; ð58Þ
uyyy ¼ A1p
3
1B
3
2 tanh s
coshp1s
þ A1p1ðp1 þ 1Þðp1 þ 2ÞB
3
2 tanh s
coshp1þ2s
; ð59Þ
ðuvÞx ¼ 
A1A2ðp1 þ p2ÞB1 tanh s
coshp1þp2s
; ð60Þ
ðuwÞy ¼ 
A1A3ðp1 þ p3ÞB2 tanhs
coshp1þp3s
: ð61ÞSubstituting (53)–(61) into (45)–(47), we havedA1
dt
1
coshp1s
þ p1A1 tanh s
coshp1s
x
dB1
dt
þ y dB2
dt
 v þ t dv
dt
  	
 fp1A1B1 tanh s
coshp1s

gB31 þ hB32
 
A1p31 tanhs
coshp1s
þ
gB31 þ hB32
 
A1p1ðp1 þ 1Þðp1 þ 2Þ tanh s
coshp1þ2s
 rA1A2ðp1 þ p2ÞB1 tanhs
coshp1þp2s
 sA1A3ðp1 þ p3ÞB2 tanhs
coshp1þp3s
þ aA1
coshp1s
¼ 0;
p2A2B2 tanh s
coshp2s
¼ p1A1B1 tanhs
coshp1s
ð63Þ
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coshp3s
¼ p1A1B2 tanhs
coshp1s
: ð64Þ
For the exponent of cosh functions in (63) and (64) to match up, we must havep1 ¼ p2 ¼ p3; ð65Þ
so that their corresponding coefﬁcients givesA2 ¼ A1B1B2 ð66ÞandA3 ¼ A1B2B1 : ð67Þ
Equating the exponents of coshp1þp2s or coshp1þp3s and coshp1þ2s(with p1 ¼ p2 ¼ p3) in Eq. (62), one gets2p1 ¼ p1 þ 2; ð68Þ
so thatp1 ¼ 2: ð69Þ
If we put p1 ¼ 2 in Eq. (62), we can determine the amplitude A1ðtÞ of the u-soliton by setting the corresponding coefﬁcients of
tanhs=cosh4s to zero, hence we ﬁnd6ðgB31 þ hB32Þ  rA2B1  sA3B2 ¼ 0: ð70Þ
Further substitution of the expressions (66) and (67) into (70), gives the amplitude A1ðtÞ of the u-soliton asA1ðtÞ ¼
6B1B2 gðtÞB31 þ hðtÞB32
h i
rðtÞB31 þ sðtÞB32
: ð71ÞAgain, from (62), setting the coefﬁcients of 1=coshp1s to zero yieldsA1ðtÞ ¼ A0e
R t
0
aðt0Þdt0
; ð72Þ
where A0 is an integral constant related to the initial pulse amplitude. Interestingly, Eq. (72) shows that the pulse amplitude
A1ðtÞ is only affected by the time dependence of the distributed coefﬁcient aðtÞ. If setting aðtÞ ¼ 0, the soliton amplitude A1ðtÞ
is deterministic.
The t-dependence of the soliton velocity v is found from setting the corresponding coefﬁcients of tanh s=coshp1sterms in
Eq. (62) to zero:p1A1 x
dB1
dt
þ y dB2
dt
 v þ t dv
dt
  	
 fp1A1B1  gB31 þ hB32
 
A1p31 ¼ 0; ð73Þwhich can be rewritten as followsp1A1 x
dB1
dt
þ y dB2
dt
 dðtvÞ
dt
 fB1  gB31 þ hB32
 
p21
 	
¼ 0: ð74ÞTaking into account the fact that the soliton parameter vðtÞ we want to determine from Eq. (74) is a function of time only,
one can split Eq. (74) into three equations as followsdB1
dt
¼ 0; ð75Þ
dB2
dt
¼ 0; ð76Þ
 d tvð Þ
dt
 fB1  gB31 þ hB32
 
p21 ¼ 0; ð77Þ
that gives after integrationB1ðtÞ ¼ b1; ð78Þ
B2ðtÞ ¼ b2; ð79Þ
vðtÞ ¼ 1
t
Z t
0
f ðt0ÞB1 þ p21gðt0ÞB31 þ p21hðt0ÞB32
n o
dt0: ð80Þwhere b1 and b2 are an integral constants related to the initial inverse widths.
From Eqs. (78) and (79), it is apparent that the inverse widths of the soliton pulses remain constants when the pulse prop-
agates in the varying media described by the NV equation. We remark also from Eq. (80) that the soliton velocity is affected
by the varying ﬁrst-order dispersion coefﬁcient f ðtÞ and the third-order dispersion coefﬁcients gðtÞ and hðtÞ.
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R t
0
aðt0Þdt0
b31gðtÞ þ b32hðtÞ
¼ K; ð81Þwhere K is a constant. Eq. (81) serves as a condition for the bright soliton pulse to exist for the model (44).
Finally, the soliton solutions to Eqs. (45)–(47) are given byuðx; y; tÞ ¼ A0e

R t
0
aðt0 Þdt0
cosh2½b1xþ b2y vðtÞt
; ð82Þ
vðx; y; tÞ ¼ A0b1e

R t
0
aðt0Þdt0
b2cosh
2½b1xþ b2y vðtÞt
; ð83Þ
wðx; y; tÞ ¼ A0b2e

R t
0
aðt0Þdt0
b1cosh
2½b1xþ b2y vðtÞt
; ð84Þwhere the solitons velocity is given by (80), while A0, b1 and b2 are an arbitrary nonzero constants. Finally the constraint
relations between the varying model coefﬁcients is displayed in (81).
4. The NV (m,n) equation with generalized evolution
The recent success in the theory of solitons has resulted in the generalization of many nonlinear evolution equations
which possess very wide applications in the ﬁelds of physics and applied mathematics. The best known example is the
K(m,n) equation which was proposed by Rosenau and Hyman [24], to understand the role of nonlinear dispersion in pattern
formation. Originally, this equation is the generalized form of the well known KdV. Similarly, the Boussinesq equation was
generalized to the B(m,n) equation [25], the Zakharov–Kuznetsov equation was generalized to ZK(m,n,k) equation [26], the
coupled Klein–Gordon equations were generalized to CKG(m,n,k) [27] and so on. Based on these generalized forms, we can
offer a rich knowledge on the wave dynamics in a variety of nonlinear systems so that the particular cases are truly mean-
ingful from fundamental point of view.
In this section we introduce a more generalized form of the Novikov–Veselov equation (shortly called NV(m,n) with gen-
eralized evolution term that is given by (6):ðulÞt þ aðunÞxxx þ bðunÞyyy þ cðum@1y uxÞx þ dðum@1x uyÞy ¼ 0; ð85Þ
where a; b; c; d 2 R are constants while l;m;n 2 Zþ. Here in (85), the ﬁrst term represents the generalized evolution term, the
second and third terms are the dispersion terms in the x- and y-directions respectively, while the fourth and ﬁfth terms to-
gether represent nonlinearity. This equation is the generalized form of the Novikov–Veselov Equation (4), where, in partic-
ular, the case l ¼ m ¼ n ¼ 1 leads to the regular Novikov–Veselov equation (4).
In this section, the focus is going to be obtaining the solitary wave solution of (85) as it appears, namely for general values
of l, m and n. It is not possible to integrate (85), for any general values of l, m and n, by the classical method of integration,
namely the inverse scattering transform, since the Painlevé test of integrability will fail, in this case. However, a solitary
wave ansatz will lead to a closed form soliton solution to (85).
By using the auxiliary variables (9) and (10), the model (85) becomesðulÞt þ aðunÞxxx þ bðunÞyyy þ cðumvÞx þ dðumwÞy ¼ 0; ð86Þ
vy ¼ ux; ð87Þ
wx ¼ uy: ð88ÞFor searching the bright soliton solutions of (86)–(88), we use the same starting hypothesis as in (14)–(16) so that we haveðulÞt ¼ p1lAl1V
tanhs
coshp1 ls
; ð89Þ
ðunÞxxx ¼ An1p31n3B31
tanh s
coshp1ns
þ An1p1nðp1nþ 1Þðp1nþ 2ÞB31
tanh s
coshp1nþ2s
; ð90Þ
ðunÞyyy ¼ An1p31n3B32
tanh s
coshp1ns
þ An1p1nðp1nþ 1Þðp1nþ 2ÞB32
tanh s
coshp1nþ2s
; ð91Þ
ðumvÞx ¼  p1mþ p2ð ÞAm1 A2B1
tanh s
coshp1mþp2s
; ð92Þ
ðumwÞy ¼ ðp1mþ p3ÞAm1 A3B2
tanh s
coshp1mþp3s
: ð93Þ
B. Boubir et al. / Applied Mathematical Modelling 37 (2013) 420–431 427Substituting (89)–(93) into (86)–(88) yieldsp1lA
l
1V
tanhs
coshp1 ls
aAn1p31n3B31
tanhs
coshp1ns
þaAn1p1nðp1nþ1Þðp1nþ2ÞB31
tanhs
coshp1nþ2s
bAn1p31n3B32
tanhs
coshp1ns
þbAn1p1nðp1nþ1Þðp1nþ2ÞB32
tanhs
coshp1nþ2s
c p1mþp2ð ÞAm1 A2B1
tanhs
coshp1mþp2s
 dðp1mþp3ÞAm1 A3B2
tanhs
coshp1mþp3s
¼ 0; ð94Þ
p2A2B2 tanh s
coshp2s
¼ p1A1B1 tanhs
coshp1s
ð95Þandp3A3B1 tanh s
coshp3s
¼ p1A1B2 tanhs
coshp1s
: ð96ÞFrom (95) and (96), we must have the following equality:p1 ¼ p2 ¼ p3; ð97Þ
so thatA2 ¼ A1B1B2 ð98ÞandA3 ¼ A1B2B1 ð99Þfollow immediately.
By equating the highest exponents of tanhs=coshp1mþp2s or tanh s=coshp1mþp3s and tanh s=coshp1nþ2s (with p1 ¼ p2 ¼ p3)
terms in Eq. (94), one getsp1mþ p2 ¼ p1nþ 2; ð100Þ
which yields for p1 ¼ p2 ¼ p3, the following analytical conditionp1 ¼
2
m nþ 1 : ð101ÞIt is important to note that bright soliton solutions exist only when p1 > 0. This condition implies thatmþ 1 > n in Eq. (101).
Then, we ﬁnd from setting their corresponding coefﬁcients to zero thatðaB31 þ bB32ÞAn1p1nðp1nþ 1Þðp1nþ 2Þ  cA2B1 þ dA3B2ð Þðp1mþ p2ÞAm1 ¼ 0: ð102Þ
By inserting (98) and (99) into (102), it is possible to recoverA1 ¼
2nðnþmþ 1Þ aB31 þ bB32
 
B1B2
m nþ 1ð Þ2 cB31 þ dB32
 
2
4
3
5
1
mnþ1
; ð103Þwhich shows that the amplitude A1 (and consequently the other amplitudes A2 and A3 in (98) and (99)) is dependent on the
inverse widths B1 and B2 in the x and y directions, respectively, and on the models coefﬁcients a, b; c and d. Importantly, Eq.
(103) shows that solitons will exist foraB31 þ bB32
 
cB31 þ dB32
 
> 0; ð104Þif m nþ 1 is an even integer. However, if m nþ 1 is an odd integer there is no such restriction but the soliton will be
pointing downwards.
Now, from (94), equating the exponents of tanhs=coshp1 ls and tanhs=coshp1ns terms, we getl ¼ n: ð105Þ
This implies that all the evolution terms that satisfy the condition l ¼ n contribute to the soliton formation.
Again from (94), setting the coefﬁcients of the linearly independent functions tanh s=coshp1ns to zero gives the solitons
velocity asV ¼ p21 aB31 þ bB32
 
: ð106ÞFinally, the soliton solutions to the considered equations (86)–(88) are given by
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cosh
2
mnþ1½B1xþ B2y vt
; ð107Þ
vðx; y; tÞ ¼ A2
cosh
2
mnþ1½B1xþ B2y vt
; ð108Þ
wðx; y; tÞ ¼ A3
cosh
2
mnþ1½B1xþ B2y vt
; ð109Þwhere the solitons velocity is given by (106), while the amplitude A1 of the u-soliton is given by (103). The two other ampli-
tudes A2 and A3 of the v-soliton and w-soliton will be obtained from inserting (103) into (98) and (99), respectively. Finally
the constraint relations between the soliton the inverse widths and the model coefﬁcient are displayed in (104).
4.1. The NV equation in 1 + N dimensions
As well known, the study of the dynamics of nonlinear waves in multidimensional systems is an important task from a
physical point of view. Thus it will be very interesting to assess the soliton solution for the NV equation in 1 + N dimensions.
Note that transverse effects must be taken into account to model real systems of more than one-space dimension. We must
remark that considering higher-dimensional spatial domain in some given NPDEs is required if dispersion effect is signiﬁcant
in all directions of the media.
Towards that goal, we introduce an NV equation in N-dimensional space as followsut þ a
XN
i¼1
uxixixi þ b
XN
i¼1
u@1xj uxi
 
xi
þ c
XN
i–j
u@1xi uxj
 
xj
¼ 0: ð110ÞIn this section, we are interesting in the following family of (1 + N)-dimensional NV equation with time-dependent coefﬁ-
cients and forcing term:ut þ aðtÞ
XN
i¼1
uxixixi þ bðtÞ
XN
i¼1
u@1xj uxi
 
xi
þ cðtÞ
XN
i–j
u@1xi uxj
 
xj
¼ kðtÞ; ð111Þwhere u ¼ uðx1; x2; . . . ; xN ; tÞ is an unknown function depending on the space coordinates xi (with i ¼ 1; . . . ;NÞ and the time
variable t. aðtÞ; bðtÞ and cðtÞ are time-dependent coefﬁcients, and kðtÞ is a forcing term. If setting aðtÞ ¼ 1=2; bðtÞ ¼ cðtÞ ¼ 3=2;
kðtÞ ¼ 0 and u ¼ uðx1; x2Þ, (111) will give the regular NV equation (4).
Let us ﬁrst set a generalized wave transformation formula [28,29]qðx1; x2; . . . ; xN; tÞ ¼ uðx1; x2; . . . ; xN; tÞ þ bðtÞ; ð112Þ
wherebðtÞ ¼
Z
kðtÞdt: ð113ÞSubstituting (112) into (111) leads to an homogeneous NV equation with time-dependent coefﬁcients that readsqt þ aðtÞ
XN
i¼1
qxixixi þ bðtÞ
XN
i¼1
q@1xj qxi
 
xi
þ cðtÞ
XN
i–j
q@1xi qxj
 
xj
¼ 0: ð114ÞUsing the change of variables:s ¼ @1xj qxi ; ð115Þ
r ¼ @1xi qxj : ð116ÞOne can rewrite the model Eq. (114) in the following formqt þ aðtÞ
XN
i¼1
qxixixi þ bðtÞ
XN
i¼1
ðqsÞxi þ cðtÞ
XN
i–j
ðqrÞxj ¼ 0; ð117Þ
sxj ¼ qxi ; ð118Þ
rxi ¼ qxj : ð119ÞTo obtain the 1-soliton solution of (117)–(119), we assume the solitary wave anstaz of the form [7–10]
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coshp1s
; ð120Þ
sðx1; x2; . . . ; xN; tÞ ¼ A2ðtÞ
coshp2s
; ð121Þ
rðx1; x2; . . . ; xN; tÞ ¼ A3ðtÞ
coshp3s
; ð122Þwhere
s ¼ B1ðtÞx1 þ B2ðtÞx2 þ    þ BNðtÞxN  vðtÞt ð123Þand
p1 > 0; p2 > 0; p3 > 0 ð124Þfor solitons to exist. Here in (120)–(123), Bi (with i ¼ 1; . . . ;N) are the inverse widths in the xi-directions, AiðtÞ (with
i ¼ 1;2;3Þ are the amplitudes of solitons, while vðtÞ represents the velocity. Note that BiðtÞ;AiðtÞ and vðtÞ are unknown t-
dependent parameters to be determined as functions of the varying model coefﬁcients aðtÞ, bðtÞ; cðtÞ, and k(t). Therefore,
in this caseqt ¼
dA1
dt
1
coshp1s
þ p1A1 tanh s
coshp1s
XN
i¼1
xi
dBi
dt
 v þ t dv
dt
 ( )
; ð125Þ
qxi ¼ 
p1A1Bi tanhs
coshp1s
; ð126Þ
qxj ¼ 
p1A1Bj tanh s
coshp1s
; ð127Þ
sxj ¼ 
p2A2Bj tanh s
coshp2s
; ð128Þ
rxi ¼ 
p3A3Bi tanhs
coshp3s
; ð129Þ
qxixixi ¼ 
A1p31B
3
i tanh s
coshp1s
þ A1p1ðp1 þ 1Þðp1 þ 2ÞB
3
i tanh s
coshp1þ2s
; ð130Þ
ðqsÞxi ¼ 
A1A2ðp1 þ p2ÞBi tanhs
coshp1þp2s
; ð131Þ
ðqrÞxj ¼ 
A1A3ðp1 þ p3ÞBj tanh s
coshp1þp3s
: ð132ÞSubstituting (125)–(132) into (117)–(119), respectively yieldsdA1
dt
1
coshp1s
þ p1A1 tanhs
coshp1s
XN
i¼1
xi
dBi
dt
 v þ t dv
dt
 ( )
 aA1p
3
1
PN
i¼1B
3
i tanh s
coshp1s
þ aA1p1ðp1 þ 1Þðp1 þ 2Þ
PN
i¼1B
3
i tanh s
coshp1þ2s
 bA1A2ðp1 þ p2Þ
PN
i¼1Bi tanh s
coshp1þp2s
 cA1A3ðp1 þ p3Þ
PN
i–jBj tanh s
coshp1þp3s
¼ 0; ð133Þ
 p2A2Bj tanh s
coshp2s
¼  p1A1Bi tanhs
coshp1s
; ð134Þ
 p3A3Bi tanh s
coshp3s
¼  p1A1Bj tanhs
coshp1s
: ð135ÞFor the exponent of cosh functions in (134) and (135) to match up, one needs to have
p1 ¼ p2 ¼ p3: ð136ÞThus, their respective coefﬁcients must vanish. The ﬁrst case givesA2 ¼ A1BiBj ; ð137Þwhile the second case givesA3 ¼ A1BjBi : ð138ÞBy equating the exponents of coshp1þp2s or coshp1þp3s and coshp1þ2s functions in (133) (with p1 ¼ p2 ¼ p3), one gets
2p1 ¼ p1 þ 2; ð139Þso thatp1 ¼ 2: ð140Þ
430 B. Boubir et al. / Applied Mathematical Modelling 37 (2013) 420–431If we put p1 ¼ 2 in Eq. (133), we obtain from setting the corresponding coefﬁcients of tanh s=cosh4s to zero, the relation:6a
XN
i¼1
B3i  bA2
XN
i¼1
Bi  cA3
XN
i–j
Bj ¼ 0: ð141ÞFurther substitution of the expressions (137) and (138) into (141), gives the amplitude A1ðtÞ of the u-soliton asA1 ¼ 6aBiBj
PN
i¼1B
3
i
bB2i
PN
i¼1Bi þ cB2j
PN
i–jBj
: ð142ÞSetting the coefﬁcients of the linearly independent functions 1=coshp1s in (133) to zero, we getdA1
dt
¼ 0; ð143Þwhich implies that the amplitude A1 of the u-soliton is constant.
The t-dependence of the soliton velocity v is found from setting the corresponding coefﬁcients of tanh s=coshp1s terms in
Eq. (133) to zero:p1A1
XN
i¼1
xi
dBi
dt
 v þ t dv
dt
 ( )
 aA1p31
XN
i¼1
B3i ¼ 0; ð144Þwhich can be rewritten as followsp1A1
XN
i¼1
xi
dBi
dt
 dðtvÞ
dt
 ap21
XN
i¼1
B3i
( )
¼ 0: ð145ÞTaking into account the fact that the soliton parameter v(t) we want to determine from Eq. (145) is a function of time only,
one can split Eq. (145) into two equations as followsdBi
dt
¼ 0; ð146Þ
 d tvð Þ
dt
 ap21
XN
i¼1
B3i ¼ 0; ð147Þthat gives after integrationBiðtÞ ¼ cons tan t; ð148Þ
vðtÞ ¼ 1
t
Z t
0
p21aðt0Þ
XN
i¼1
B3i
( )
dt0: ð149ÞInserting Eqs. (143), (148), into (142), one gets an important constraint equation for the solitons to exist asaðtÞBiBj
PN
i¼1B
3
i
bðtÞB2i
PN
i¼1Bi þ cðtÞB2j
PN
i–jBj
¼ K 0 ð150Þwhere K 0 is a constant. Eq. (150) serves as a condition for the bright soliton pulse to exist for the model (111).
Lastly, the 1-soliton solution of the NV equation in 1 + N dimensions is given byqðx1; x2; . . . ; xN; tÞ ¼ A1
cosh2
PN
i¼1Bixi  vðtÞt
  ; ð151Þ
sðx1; x2; . . . ; xN; tÞ ¼ A2
cosh2
PN
i¼1Bixi  vðtÞt
  ; ð152Þ
rðx1; x2; . . . ; xN; tÞ ¼ A3
cosh2
PN
i¼1Bixi  vðtÞt
  ; ð153Þ
where the inverse widths Bi (with i ¼ 1; . . . ;N) in the xi-directions and the amplitudes AiðtÞ (with i ¼ 1;2;3Þ are constants,
while the velocity vðtÞ is given by (149). Note that the solutions (151)–(153) exist provided that the condition (153) is
satisﬁed.
B. Boubir et al. / Applied Mathematical Modelling 37 (2013) 420–431 4315. Conclusion
In this paper, we have investigated the bright soliton solutions of four variants of the NV-type equation by using the
solitary wave ansatz method. These equations are the NV equation with constant coefﬁcients, the NV equation having
t- dependent coefﬁcients and damping term, the NV(m,n) equation with generalized evolution term, and the
(1 + N)-dimensional NV equation with variable coefﬁcients and forcing term. Conditions for the existence of soliton
envelopes have also been reported. To our knowledge, the derived soliton solutions and considered models have not been
previously reported. In view of the analysis, we see that the used method is an efﬁcient method of integrability for construct-
ing exact soliton solutions for such versions of the NV-type equations exhibiting constant and time-dependent.
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